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Setting

Free resolutions from relative Pommaret-like bases

We work with a polynomial ring R = K|z, ..., x,] and homogeneous polynomial ideals in this ring;
we assume a fixed term ordering has been chosen and thus we can determine the leading term lt( f)
of any nonzero polynomial f. We write T for the set of all terms x* = z{* - - - zf» € R.

Involutive divisions and bases

Involutive division L: Restricted division relation for terms with combinatorial properties [4].
m Given set H C T and x* € H, assigns multiplicative variables L(x", H) C {x1,...,Z,}.
m The involutive cones Cr(x*, H) = {x” | x*/x" € K|L(x", H)]} intersect trivially for x* € H.
m Filter axiom: If H O H’, then L(x", H') O L(x", H).
m Polynomial set H C Z <R L-involutive basis of ideal Z, if
|| Colx,1t(H)) = 1(T).
xtelt(H)

Every involutive basis is a Grobner basis.

Pommaret bases and quasi-stable ideals

Pommaret division P: term x* with © = (0,...,0, tg, ..., f4n) and gy >0

~ P(x*) = {x1,...,x}. Define cls(x*) = min{k | ur > 0}.

Not every monomial ideal Z has a finite Pommaret basis. A monomial ideal with finite Pommaret
basis is called quasi-stable. A polynomial ideal Z is in quasi-stable position, if its leading ideal with
respect to a term-order is quasi-stable.

m For example, consider Z = (z°, 3*) < K|z, y], we have cls(z?) = 1, cls(y?) = 2.

m We obtain a Pommaret basis by adding the generator 22y.

Z and the Pommaret cones of 2% and 7?. The Pommaret cone of 2y added.

Involutive-like divisions

The Janet-like division was discovered by Gerdt and Blinkov [5].

mletU={ty,...,t,} CT.

mForke{l,...,n}anddy,..
U, ..d)| = {u € U | degy(u) = d, ..

m For u € U, a pure power xfz with

., d, >0, write
.,deg,(u) = d,}. Also, Uy :=U.

ki = min {degi (v) — deg; (u) | v,u € Uyg,,,....4,), deg; (v) > deg; (u)}

is called a non-multiplicative power of wu.
m The set NMP(u, U) collects all non-multiplicative powers of u € U.
m J-multipliers for u € U: terms not divisible by any z'* € NMP(u, U).
m u € U is Janet-like divisor of w € T, if w/u is a J-multiplier for u.
The Pommaret-like division assigns NMP p(u, U) as follows:
m All Janet-like non-multiplicative powers 2P+ with a > cls(u).

m The Janet-like multiplier variables x;, with b > cls(u).

Relative Grobner and Pommaret-like bases

We work in the quotient ring R/ Z, where Z is a homogeneous ideal with minimal Grobner basis G.
mldeal T <SAR/T ~ T =J/I, whereI CJ <R.
m H=1{hy,...,h;} C T Grobner basis of J relative to Z if

(t(H)) + W(Z) = (7).

m H Grobner basis of 7 = {NF¢(h) | h € H \ Z} Grobner basis of J relative to Z.
We derive a Pommaret-like division Pz in monomial quotient rings R/ Z.
m Relative Pommaret-like cones Cpz(x*, H).
m H=A{hy,...,ht} C T\ Z Pommaret-like basis of J relative to Z, if
s Cra(It(h), 1(H)) = 16(7) \ (D).
m Exists for Z in relative quasi-stable position.

m This basis is in general smaller than the (relative) Pommaret basis of the same ideal.

Free Resolutions

Free resolution F' of homogeneous J <R /Z:
Finitely generated free R /Z-modules Fy, F1, . .
as in the following diagram:

. and homogeneous R /Z-linear maps dy, 01, 92, . . .

- - Om Om— 0 ) 0
F: ... ™ F. 0 2F, >F, 1~ 5 F5FL%J—=0,

with im(dy) = J and im(d,,+1) = ker(dy,) for all m > 0.
m Differential of F: Collection {dy, 01, ds, . ..}.
m J,, is represented by matrix D,, with entries in R/Z, and D,, - D,,.1 = 0.

m Resolution F is minimal: <= no constant terms = 0 in matrices D,,,.
m Minimal free resolution of Z contains invariants of Z in the form of Betti numbers. (see e.g. [7])

m [he Betti numbers are bigraded. The Poincaré series PSJ/I(u, s) encodes the Betti numbers; u
stands for term degree and s for homological degree.

Monomial ideal Z < R is Clements-Lindstrém (C-L), if it is generated by G = {z", 27\, ... x/"}
with 2 <a, <a, 1 <---<a;y1 < a;. We call R/Z a Clements-Lindstrém ring.
Let Z C J <R, H minimal Pommaret-like basis of 7 relative to Z. For each h € H take:

1. Syzygies Sy, ,, (x}" € NMPp, (1t(h),1t(H))) induced by non-multiplicative powers,

2. Syzygies Sj, x», where x* is a Pr-multiplier, induced by annihilating 1t(2) mod 1t(Z).
Choose suitable module term ordering on (R/Z)/#!. Then

Hy = {Shu | h € H} U{Syxu | h € H} minimal Pommaret-like basis of Syzp 7(H).
lteration ~» R /Z-free resolution (not minimal in general)

o B =R/ 5 By = (R/DE - T/T — 0.

Minimal free resolutions from relative Pommaret-like bases

7 <R C-Lideal, J D Z monomial ideal generated by minimal relative Pommaret-like basis

H C (J\Z)NT. If H is the minimal generating set of J relative to Z and for each t € H and
aPe € NMPp,(t, H), the unique Pr-divisor s € H of ¢ - zP» fulfils cls(s) > cls(t), then the free
resolution of 7/ Z over R/ Z induced by H is minimal.

Module bases and Poincaré series

Given: Pommaret-like basis H relative to Z = (x}", x| ..., z%). Write S := {z;, i1, ..., Tn}.

m The free module Fj has basis {e, | h, € H}. Write t, = 1t(h,) for each h, € H.
m Write S, for the set of variables appearing in the generators of 7, = (xi’“ | :UZ’“ e, € It(Syz(H))).

m The free module F, (r > 1), has basis elements e, xr, Where x/ is a term of degree r with
cls(x*) > cls(t,). Moreover, x* is supported on S,, and its projection onto S, \ S is squarefree.

For the Betti numbers and the Poincaré series, we obtain
min{r, |[S,\S|}

)= 323 (000 (Mg 1) B essa(),
ho€H 7=0 ho€H
S.NSHD S.NS=0
PS _ deglta) . [ 1 Sal\ B 1T /0 1
77U, s) = E u + E B S H u H =

ho€H BCS, rpEB r;€5,NS

An example

If Z = (y*, 2°) and J = (T, 2%y3, 2?22, 422, 2°), then H = {a°y°, xy®2?, 4322, 23} is the minimal
relative generating set and a relative Pommaret-like basis of 7. ~~ minimal free resolution of 7 /Z
over P/ I, with the first three differential matrices:

Dy = (2% zy?22 2% 25),

(v 2 0 0 0 0 00 0 0)
. 3
DA 0 000G 0 =y 2 0 0 0 00 0 0
0 . 00 0 0 0 0 ¢ 2z 0 00 0 0
Dy = . Dy=|0 0 0 0 —y 2 00 0 0
0O —2¢ -2 0 vy =z 0 9 9 3
0 0 0 —zy? 0 —g 22 0 —z¢ 0 zy= 0 0O v 2z 0 0
0 0 2222 0 = 0 0 —y 2* 0
\0 0 0 0 0 a2 0 0 332 23

For the Betti numbers, we obtain

1
rank(F.) = 3( T r) + (g) — 443

Connection to other constructions

The construction contains as special cases:

m The Eliahou—Kervaire [2] resolution of stable monomial ideals in R,

m The Pommaret—Seiler [9] resolution of quasi-stable ideals in R,

m The Gasharov—Murai-Peeva [3] resolution of squarefree Borel ideals in zero-dimensional C-L rings,

m After a suitable variable permutation, Tate's resolution of irreducible monomial ideals in C-L rings.
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